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Abstract. In this paper we obtain the flux of Hawking radiation from rotating BTZ black holes from the
gauge and gravitational anomalies point of view. Then we show that the gauge and gravitational anomaly
in BTZ spacetime is cancelled by the total flux of a 2-dimensional blackbody at the Hawking temperature of
the spacetime.

1 Introduction

It is commonly believed that any valid theory of quan-
tum gravity must necessarily incorporate the Bekenstein–
Hawking definition of black hole entropy [1–5] into its con-
ceptual framework. However, the microscopic origin of this
entropy remains an enigma. Many efforts have been de-
voted to this theme. An approach to the Hawking radiation
is to calculate the energy-momentum tensor in the black
hole backgrounds. However, the usual expression for the
stress tensor includes singular products of the field oper-
ators for the stress tensor. Renormalization theory of the
stress tensor claims to solve this problem, but it must
be mentioned that the usual scheme of renormalization
includes complexity and is somewhat ambiguous. In the
semiclassical framework for yielding a sensible theory of
back reaction, Wald [6] has developed an axiomatic ap-
proach. In it one tries to obtain an expression for the renor-
malized Tµν from the properties (axioms) which it must
fulfill. The axioms for the renormalized energy-momentum
tensor are as follows.

1. For off-diagonal elements standard results should be
obtained.

2. In Minkowski spacetime standard results should be ob-
tained.

3. Expectation values of energy-momentum are con-
served.

4. Causality holds.
5. The energy-momentum tensor contains no local cur-
vature tensor depending on derivatives of the metric
higher than second order.

Two prescriptions that satisfy the first four axioms
can differ at most by a conserved local curvature term.
Wald [7] showed that any prescription for renormalizedTµν
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which is consistent with axioms 1–4 must yield the given
trace up to the addition of the trace of conserved local
curvature. It must be noted that trace anomalies in the
stress tensor, that is, the nonvanishing T µµ , for a confor-
mally invariant field after renormalization originate from
some quantum behavior [8]. In 2-dimensional spacetime
one can show that a trace-free stress tensor cannot be con-
sistent with conservation and causality if particle creation
occurs [9]. A trace-free, conserved stress tensor in two di-
mensions must always remain zero if it is initially zero.
One can show that it is possible to use a trace anomaly
to the energy-momentum tensors of quantum fields under
boundary conditions in a black hole background [10–13];
see also [14] as an example in which both conformal and
gravitational anomalies are present. In this reference the
2-dimensional stress tensor has been determined by requir-
ing that it is regular at the black hole horizon. It is shown
in this paper that the gravitational anomaly leads to ad-
ditional flow in the (rt) component of the stress tensor.
In four dimensions, just as in two dimensions, a trace-
free stress tensor which agrees with the formal expression
for the matrix elements between orthogonal states cannot
be compatible with both conservation laws and causality.
Recently, Robinson and Wilczek suggested a new deriva-
tion of Hawking radiation from Schwarzschild black holes
through gravitational anomalies [15]. The anomaly in field
theory occurs if a symmetry of the action or the corres-
ponding conservation law, valid in the classical theory, is
violated in the quantized version. A gravitational anomaly
is an anomaly in general covariance which shows up as the
non-conservation of the energy-momentum tensor. In the
work by Robinson–Wilczek, the Hawking radiation is un-
derstood as a compensating flux to cancel gravitational
anomalies at the horizon [15–19]. As have indicated in [16],
the Robinson–Wilczek approach is effectively equivalent
with a dilaton-coupled trace anomaly in two dimensions
(for the conformal anomaly for a most general 2D dilaton-
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coupled scalar-dilaton system with arbitrary dilaton cou-
plings, refer to [20]).
In 1992 Bañados, Teitelboim and Zanelli (BTZ) [23,

24] showed that (2+1)-dimensional gravity has a black
hole solution. This black hole is described by two (gravita-
tional) parameters, the mass M and the angular momen-
tum (spin) J . It is locally AdS and thus it differs from the
Schwarzschild and Kerr solutions, since it is an asymptot-
ically anti-de Sitter instead of a flat spacetime. Addition-
ally, it has no curvature singularity at the origin. AdS black
holes are members of this two-parametric family of BTZ
black holes, and they are very interesting in the frame-
work of string theory and black hole physics [25, 26]. The
Kaluza–Klein reduction of 3D gravity with minimal scalars
to 2D dilaton-Maxwell gravity with dilaton-coupled scalars
and the rotating BTZ black hole can also be described by a
2D charged dilatonic black hole [27, 28].
In this paper we show that the Robinson–Wilczek

method can also be applied to rotating BTZ black holes.
We show that the gauge and gravitational anomaly in this
black hole background is cancelled by the total flux of a 1+
1-dimensional blackbody at the Hawking temperature of
this black hole.

2 Robinson–Wilczek approach
to gravitational anomalies

In this section, we will review the gravitational anomaly
method [15–19]. Consider the metric of the type

ds2 =−f(r)dt2+
1

f(r)
dr2+ r2dΩ2D−2 , (1)

where d2Ω(D−2) is the line element of the (D−2)-dimen-
sional unit sphere and the metric element f(r) depends on
the matter distribution. The horizon is located at r = rH,
where f(rH) = 0. The scalar field theory on this metric can
be reduced to the 2-dimensional theory. The action of the
scalar field is

S[ϕ] =
1

2

∫
dDx
√
−g ϕ∇2ϕ

=
1

2

∫
dDx rD−2

√
γ

×ϕ

(
−
1

f
∂2t +

1

rD−2
∂rr

D−2f∂r+
1

r2
∆Ω

)
ϕ ,

(2)

where γ is the determinant of dΩ2D−2, and∆Ω is the collec-
tion of angular derivatives. Now we take the limit r→ rH
and leave only dominant terms. Thus, the action becomes

S[ϕ] =
rH
D−2

2

∫
dDx
√
γ ϕ

(
−
1

f
∂2t +∂rf∂r

)
ϕ

=
∑
n

rH
D−2

2

∫
dtdr ϕn

(
−
1

f
∂2t +∂rf∂r

)
ϕn ;

(3)

in the second line ϕ is expanded by (D−2)-dimensional
spherical harmonics. This action is associated with an infi-
nite set of scalar fields on the 2-dimensional metric

ds2 =−f(r)dt2+
1

f(r)
dr2 . (4)

Thus, we can reduce the scalar field theory in D-dimen-
sional black hole spacetime to that in 2-dimensional space-
time near the horizon. The gravitational anomaly of the
chiral scalar field in 1+1 dimensions is given by [21, 22]

∇µT
µ
ν =

1

96π
√
−g
εβδ∂δ∂αΓ

α
νβ . (5)

The aforesaid gravitational anomaly is purely timelike and
can be given by

∇µT
µ
ν ≡Aν ≡

1
√
−g
∂µN

µ
ν , (6)

where the quantitiesNµν are defined as

Nµν =
1

96π
εβµ∂αΓ

α
νβ , (7)

and the epsilon tensor reads

εµν =

(
0 1
−10

)
. (8)

For the specific Schwarzschild type black hole spacetime
described by (1), the components ofNµν are

N tt =N
r
r = 0 ,

Nrt =
1

192π

(
f ′2+f ′′f

)
, (9)

N tr =−
1

192πf2
(
f ′2−f ′′f

)
.

Therefore the quantity Φ that describes the pure flux reads

Φ=Nrt

∣∣∣
rH

(10)

=
1

192π
f ′2(rH) . (11)

It is well known from thermodynamics that the surface
gravity κ of the specific Schwarzschild type black hole is
given by

κ=
1

2

∂f

∂r

∣∣∣∣
r=rH

(12)

=
1

2
f ′(rH) . (13)

It is also known from black hole thermodynamics that the
Hawking temperature of this black hole is given as

TH =
κ

2π
(14)

=
f ′(rH)

4π
, (15)
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while a beam of massless blackbody radiation moving
in the positive radial direction at a temperature TH in
a spacetime has a flux of the form

Φ=
π

12
T 2 . (16)

Therefore it is evident that the flux (11) required to
cancel the gravitational anomaly at the horizon is pre-
cisely the thermal flux from a black hole at the Hawking
temperature.

3 Rotating BTZ black hole

The discussion in the previous section can be extended to
the rotating BTZ black holes. The black hole solutions of
Bañados, Teitelboim and Zanelli [23, 24] in (2+1) space-
time dimensions are derived from a 3-dimensional theory of
gravity,

S =

∫
dx3
√
−g ((3)R+2Λ) , (17)

with a negative cosmological constant (Λ= 1
l2
> 0).

The corresponding line element is

ds2 =−

(
−M +

r2

l2
+
J2

4r2

)
dt2+

dr2(
−M +

r2

l2
+
J2

4r2

)

+ r2
(
dθ−

J

2r2
dt

)2
, (18)

with metric element

f(r) =

(
−M+

r2

l2
+
J2

4r2

)
, (19)

with M the Arnowitt–Deser–Misner (ADM) mass, J the
angular momentum (spin) of the BTZ black hole and
−∞< t <+∞, 0≤ r <+∞, 0≤ θ < 2π.
The outer and inner horizons, i.e. r+ (henceforth simply

called the black hole horizon) and r−, respectively, for the
positive mass black hole spectrum with spin (J �= 0) of the
line element (18) are given by

r2± =
l2

2

(
M ±

√
M2−

J2

l2

)
, (20)

and therefore, in terms of the inner and outer horizons, the
black hole mass and the angular momentum are given, re-
spectively, by

M =
r2+
l2
+
J2

4r2+
(21)

and

J =
2 r+r−
l
, (22)

the corresponding angular velocity being

Ω =
J

2r2
. (23)

The Hawking temperature TH of the black hole horizon
is [29]

TH =
1

2πr+

√(
r2+
l2
+
J2

4r2+

)2
−
J2

l2

=
1

2πr+

(
r2+
l2
−
J2

4r2+

)
. (24)

If one neglects classically irrelevant ingoing modes near the
horizon, the effective 2-dimensional theory becomes chiral
near the horizon and the gauge symmetry or general coor-
dinate covariance becomes anomalous due to the gauge or
gravitational anomalies. The current is conserved,

∂rJ
r
(0) = 0 , (25)

outside the horizon. In the region near the horizon, since
there are only outgoing fields, the current satisfies the
anomalous equation

∂rJ
r
H =
m2

4π
∂rAt , (26)

where m is the U(1) charge of the 2-dimensional mass-
less field. One can solve these equations in each region as
follows:

Jr(0) = C0 , (27)

JrH = CH+
m2

4π
(At(r)−At(r+)) , (28)

where C0 and CH are integration constants. Under gauge
transformations, variation of the effective action is given by

−δW =

∫
d2x
√
−g2λ∇µJ

µ , (29)

where λ is a gauge parameter, and

Jµ = Jµ(0)θ+(r)+J
µ
HH(r) , (30)

where θ+(r) = θ(r− r+− ε) and H(r) = 1− θ+(r). By
using the anomaly equation we have

−δW =

∫
d2xλ

[
δ(r− r+− ε)

(
Jr(0)−J

r
(H)+

m2

4π
At

)

+∂r

(
m2

4π
AtH

)]
. (31)

The total effective action must be gauge invariant and the
last term should be cancelled by quantum effects of the
classically irrelevant ingoing modes. The quantum effect to
cancel this term is induced by the ingoing modes near the
horizon. The coefficient of the delta-function should also
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vanish, which relates the coefficient of the current in the
two regions,

C0 = CH−
m2

4π
At(r+) ; (32)

CH is the value of the consistent current at the horizon. In
order to determine the current flow, we need to fix the value
of the current at the horizon. Since the covariant current

is written as J̃r = Jr+ m
2

4π AtH, the condition J̃
r(r+) = 0

determines the value of the charge flux to be

C0 =−
m2

2π
At(r+) =−

m2

2π
Ω(r+)

=−
m2

2π

J

2r2+
=−
m2r−

2πlr+
. (33)

Similarly one can determine the flux of the stress tensor ra-
diated from rotating BTZ black holes. The total flux of the
energy-momentum tensor is given by

a0 =
m2

4π
A2t (r+)+N

r
t (r+) =

m2

4π
Ω2(r+)+

1

192π
f ′2

=
m2r2−
4πl2r2+

+
1

192π
f ′2 . (34)

Now we evaluate the quantity f ′ on the horizon. For the
rotating BTZ metric this quantity is

f ′|r+ =
2r+
l2
−
J2

2r3+
. (35)

By comparing with the Hawking temperature TH of the
black hole horizon we see that

f ′|r+ = 4πTH . (36)

Then we can rewrite (34) as

a0 =
m2r2−
4πl2r2+

+
π

12
T 2H . (37)

This value of the flux is the same as the Hawking flux from
rotating BTZ black holes.

4 Conclusion

In this paper we have considered a quantum field in a ro-
tating BTZ black hole background. Near the horizon, the
field can be effectively described by an infinite collection
of (1+1)-dimensional fields. In the case of a rotating BTZ
black hole, the metric is azimuthally symmetric and the
angular momentum is conserved. Because of this isometry,
the effective 2-dimensional theory for each partial wave has
U(1) gauge symmetry. The effective background gauge po-
tential for this U(1) symmetry is written in terms of the

metric, while the quantum field in the rotating BTZ back-
ground has a charge m for this gauge symmetry, where
m is an angular quantum number. The effective theory is
now interpreted as that of charged particles in a charged
black hole in D = 2 [16, 17]). Then we have shown that the
Hawking radiation from rotating BTZ black holes can be
obtained from gauge and gravitational anomalies. We have
shown that the gauge and gravitational anomaly that ap-
pears in the BTZ spacetime is cancelled by the total flux
of a 1+1-dimensional blackbody radiation at the Hawking
temperature.

References

1. J.D. Bekenstein, Lett. Nuovo Cimento 4, 737 (1972)
2. J.D. Bekenstein, Phys. Rev. D 7, 2333 (1973)
3. J.D. Bekenstein, Phys. Rev. D 9, 3292 (1974)
4. S.W. Hawking, Commun. Math. Phys. 25, 152 (1972)
5. J.M. Bardeen, B. Carter, S.W. Hawking, Commun. Math.
Phys. 31, 161 (1973)

6. R.M. Wald, Commun. Math. Phys. 54, 1 (1977)
7. R.M. Wald, Phys. Rev. D 17, 1477 (1978)
8. S. Coleman, R. Jackiw, Ann. Phys. (New York) 67, 552
(1971)

9. S.M. Christensen, S.A. Fulling, Phys. Rev. D 15, 2088
(1977)

10. M.R. Setare, A.H. Rezaeian, Mod. Phys. Lett. A 15, 2159
(2000)

11. M.R. Setare, Class. Quantum Grav. 18, 2097 (2001)
12. M.R. Setare, Gen. Relat. Grav. 35, 2279 (2003)
13. T. Christodoulakis, G.A. Diamandis, B.C. Georgalas,
E.C. Vagenas, Phys. Rev. D 64, 124022 (2001)

14. S.N. Solodukhin, Phys. Rev. D 74, 024015 (2006)
15. S.P. Robinson, F. Wilczek, Phys. Rev. Lett. 95, 011303
(2005) [gr-qc/0502074]

16. S. Iso, H. Umetsu, F. Wilczek, Phys. Rev. Lett. 96, 151302
(2006) [hep-th/0602146]

17. S. Iso, H. Umetsu, F. Wilczek, hep-th/0606018
18. K. Murata, J. Soda, hep-th/0606069
19. E.C. Vagenas, S. Das, hep-th/0606077
20. S. Nojiri, S.D. Odintsov, Int. J. Mod. Phys. A 16, 1015
(2001)

21. R.A. Bertlmann, E. Kohlprath, Ann. Phys. (New York)
288, 137 (2001)

22. L. Alvarez-Gaume, E. Witten, Nucl. Phys. B 234, 269
(1984)
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